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1. INTR~OU~TI~N 
Let A and B be densely defined linear operators on complex Banach 
space X with D(A) C D(B). The operator B is called AZ-pseudo-compact if 
II x, II + II Ax, II + II Bx, II + II -A2xT, II + II BAxn II d C, (1) 
for X, E D(A2) implies that (Bx,} has a convergent subsequence. A is called 
Fredholm (and we write A E @) if it is closed and 
(a) a(A) = dim N(A) < CO, 
(b) R(A) is closed, 
(c) /l(A) = codim R(A) < CO. 
Its index is defined by 
i(A) = or(A) -,8(A). (2) 
The set of all complex h such that ;2 - A is Fredholm is denoted by aa . 
The following was proved in [I], (cf. Theorem 2.5)]. 
TQEOREM. dssume that aa n @a+B is not empty, and that B is A2-pseudo- 
compact. Then CD,., = @A+8 and 
i(A + B - p) - i(A - p) = i(A + B - A) - i(A - h), APE @.A . (3) 
Several people have informed the author that they have difficulty following 
the proof given there. The purpose of the present note is to fill in all the 
details. Some of our lemmas are of interest in their own right. 
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2. SOME LEMMA' 
The operator A is said to be in @+ if (a) and (b) hold. It is said to be in 
@- if (b) and (c) hold. 
LEhlM.4 1. A $ @+ z$ there is a bounded sequence (uk) C D(A) hazing no 
convergent subsequence such that {Auk} converges. 
Proof. Suppose =1 $ @+ . If  a(A) = cc, then there is a bounded sequence 
juk3 C X(A) having no convergent subsequence. If  a(A) < ;c, then R(A) 
is not closed. Let P be a bounded projection onto iv(J). Then there is a 
sequence (~~1 CD(A) such that ii(1 - P)w, llJ dzc,; I + co. Put uil == 
(I - P)w,/ll(l - P)w, 11. Then 11 Us 11 = I and 11 =lu, .[ + 0. If  {Q had a 
convergent subsequence, the limit u would be in N(r2) while Pu = 0. Thus, 
u -= 0. But this is impossible since /j uL /I - 1. I f  d E @+ and such a sequence 
existed, the limit f of Au, would be in R(A). Thus, there is a u E D(A) such 
that Au =: f. I f  V~ = uI; - u, then ,qa, -+ 0, {a,> is bounded and has no 
convergent subsequence. Put g, == (I - P)v, . Then (gh.} has no convergent 
subsequence (otherwise, {vk) would have one since P is a compact operator). 
Thus, there is a c,, > 0 such that lig, 11 3 cu. Hence, I!g, ‘i/II =Igl, 1’ ;~? 
co/II do,. I! - co. This contradicts the fact that R(J) is closed. i 
COROLLARY 2[2]. A $ @+ i# there is a bounded sequence {uk) having no 
convergent subsequence such that Au, - 0. 
The operator B is called d-compact if j/ X, /I + /I --IX, iI 5; C for s, E D(.J) 
implies that {Bx,} has a convergent subsequence. 
LEMMA 3. Assume that B is AZ-compact, p E QArR and h E @.4 . Then 
(A - /\)(A - p) E CD+ . 
Proof. I f  not, there would be a bounded sequence {up> E D(S) having no 
convergent subsequence and such that {(A - h)(A - pjuk] converges 
(Lemma 1). Since h E @A , there is a bounded operator G, such that 
G,(d - h) = I +F on D(A), where F is of finite rank [3, 41. Thus, 
Gn(A - h)(A - ~)u~ = (I + F)(A - ~)u~ converges. Since -4 and (d ~ h) 
(=1 - p) are closed [l, 51 and D(A) contains the domain of the latter, 
((A - p)ulr} is bounded. Hence, (F(A - ~)u~} has a convergent subsequence. 
Thus, the same is true of ((-4 - p)z+>. D enote this subsequence by {Us) as 
well. Since B is AZ-compact, {Bu,} h as a convergent subsequence as well. 
Again denote it by (uJ. Thus, {(A + B -- II) uk-> converges. Since the 
sequence juk) is bounded and has no convergent subsequence, p $ @..,cA 
(Lemma I). 1 
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LEMMA 4. If EE@ and AEE@+, then AE@+. 
Proof. Since E E @, there is a bounded operator G such that EG = I -F, 
where F is of finite rank [3, 41. Moreover, G and F may be so chosen that 
R(F) C D(A) [3, 41. If  A were not in @+ , there would be a sequence {Us:> 
satisfying the conditions of Lemma 1. Put zip = Gu, . Thus, Ev, = (I - F)u, . 
This shows that {~3 cannot have a convergent subsequence. Moreover, 
AEvk = Au, - AFu, , showing that (,4Ev,} does have a convergent sub- 
sequence. Thus AE $ @+ , a contradiction. 1 
LEMMA 5. If A and E are in @+ and EA E @- , then 4 is Fredholm. 
Proof. I f  A $ @- , there is an infinite-dimensional subspace I’ of X’ 
(the dual space of X) such that y’(dx) = 0 for all y’ E V and x E D(A). Now 
dim Vn R(E’) = 00 [4, p. 1161. Th us, there is an infinite-dimensional 
subspace of D(E’) such that E’(S) C V. Hence, Ej’(Ax) = 0 for all 3” E S 
and .v E D(A). This means y’(EAx) = 0, contradicting the fact that 
EAEcF. 1 
The proof of the theorem now follows quite easily. Both A and A + B 
are closed [l, 51. Hence, B is A-bounded [l, Lemmas 2.1 and 3.31. This 
shows that B is actually A2-compact. Thus, B is a compact operator on 
D(A2) made into a Banach space under the graph norm. Let X be a number 
in @an@,+,. I f  pEQA, then the operator (A + B - h)(A - p) is 
Fredholm [3, 41. The identity 
(A + B - p)(A - h) - (A + B - h)(A - p) = (p - h)B, (4) 
shows that (A + B - p)(A - X) is also Fredholm [3,4]. Since A - h E @, 
the same must be true of A + B - p [I, 41. Conversely, assume p E QAte . 
Then (A + B - p)(A - X) is Fredholm. From (4) and the fact that B is 
A2-compact, we see that (A + B - h)(A - p) is Fredholm. We know that 
A + B - h E @, but it does not immediately follow that A - p is likewise 
(cf. [4]). However, we know also that (A - p)(A - h) = (A - A)(,4 - p) E CD+ 
(Lemma 3). From this and the fact that h E aa we can conclude that A - p E CD+ 
(Lemma 4). We can now conclude that A - p is indeed Fredholm from the 
fact that (A + B - h)(A - p) is Fredholm (Lemma 5). The index property 
(3) follows from (4) and the usual rules ([3, 41). 1 
3. REMARKS 
1. Some of our lemmas can be strengthened, but we formulated them 
only as needed. 
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2. \Ve did not assume that B is closed. In such a case -P-pseudo-compact- 
ness and A2-compactness are equivalent (cf. [6]). 
3. The hypotheses of the theorem imply that B is S-compact, but this 
need not he assumed a priori. 
4. In [6], Gustafson and Weidmann give an example of non-selfadjoint 
operators that violate the conclusions of the theorem when B is =13-compact. 
On the other hand, they show that for selfadjoint operators, -1”-compactness 
suffices for an\: n. 
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